We present a study of transverse single-spin asymmetries (SSAs) in p ↑ p → J/ψ X and p ↑ p → DX within the framework of the generalized parton model (GPM), which includes both spin and transverse momentum effects, and show how they can provide useful information on the still almost unknown gluon Sivers function. Moreover, by adopting a modified version of this model, named color gauge invariant (CGI) GPM, we analyze the impact of the initial-and final-state interactions on our predictions. As a consequence, we find that these two processes are sensitive to different gluon Sivers functions, which can be expressed as linear combinations of two distinct, universal gluon distributions. We therefore define proper observables which could allow for a separate extraction of these two independent Sivers functions. At the same time, we show how it would be possible to discriminate between the GPM and the CGI-GPM approaches by comparing the corresponding estimates of SSAs with present and future experimental results at RHIC.
II. CROSS SECTIONS AND SINGLE SPIN ASYMMETRIES FOR pp → J/ψ X

A. Production mechanism: The color-singlet model
We consider first the inclusive production of a quarkonium state Q in unpolarized proton-proton scattering,
where the four-momenta of the particles are given within parentheses. We assume that the colorless heavy quarkantiquark pair forming the quarkonium is in a bound state described by a nonrelativistic wave function with spin S = 1, orbital angular momentum L = 0 and total angular momentum J = 1. In the following we adopt the spectroscopic notation Q ≡ QQ[ 2S+1 L (1, 8 ) J
], where the color assignments for the quark pair are generally specified by the singlet or octet superscripts, (1) or (8) . Therefore, in our case, Q = QQ[ 3 S
1 ] with Q = c, b. The squared invariant mass of the resonance is denoted by M 2 = p 2 Q , with M being twice the heavy quark mass up to small relativistic corrections.
Within the framework of the CSM (see e.g. Ref. [49] ), the heavy quark and antiquark pair is produced in the hard partonic scattering with the same quantum numbers as the meson into which it nonperturbatively evolves. Therefore, J/ψ production is dominated, at leading order (LO) α 3 s in perturbative QCD, by a gluon fusion process with the emission of an additional real gluon in the final state because of the Landau-Yang theorem,
as described in detail in Appendix A. In the rest frame of the bound state, the relative momentum of the two quarks is small compared to their mass m Q , which justifies a nonrelativistic approach. In agreement with Eq. (A12) of Ref. [49] , we find that the corresponding partonic cross section can be written as
with
where R 0 (0) is the value of the bound-state radial wave function at the origin. Details of the derivation are presented in Appendix A. In the GPM approach, therefore, the unpolarized cross section for the process under study reads
with f g/p (x, k ⊥ ) denoting the distribution of unpolarized gluons with light-front momentum fraction x and transverse momentum k ⊥ = |k ⊥ |. Its dependence on the hard scale of the process is not shown explicitly.
Concerning the k ⊥ dependence of the unpolarized gluon distributions, we use a simple factorized Gaussian parametrization
with k 2 ⊥ = 1 GeV 2 and f g/p (x) being the unpolarized gluon distribution, integrated over k ⊥ , evaluated at the hard scale M T = p 2 T + M 2 , where p T ≡ p QT is the transverse momentum of the J/ψ. Notice that the value adopted for the Gaussian width, for which no phenomenological information is currently available, has been fixed to optimize the description of J/ψ data, within the uncertainties, in the low p T region.
In Fig. 1 we compare our results for J/ψ production, computed at rapidity y = 0, with RHIC data taken at √ s = 200 GeV and |y| < 0.35 from the PHENIX Collaboration [50] . We do not consider the analogous data from the STAR Collaboration [51, 52] since they cover mainly the region at larger p T . For the parameters entering the cross section, we take |R 0 (0)| 2 = 1.01 GeV 3 , Br(J/ψ → e + e − ) = 0.0597 and M = 3.097 GeV. These and the following results are based on the CTEQ6-LO parametrization of f g/p (x) [53] . The uncertainty band in the figure is obtained by varying the factorization scale in the range M T /2 ≤ µ ≤ 2M T . Since the data include not only the direct J/ψ yield, but also feed-down contributions from B, ψ(2S) and χ c decays, our theoretical curves are divided by a factor of 0.58, which is the expected fraction of direct J/ψ production [54, 55] . It turns out that, within the GPM approach and assuming a color-singlet production mechanism, it is possible to reproduce RHIC data on J/ψ cross sections reasonably well at small values of p T , p T ≤ 2 GeV. This is in agreement with the findings of Refs. [54, 55] , where it is also shown how next-to-leading order QCD corrections and the contributions from the intrinsic charm of the proton can further improve the theoretical description. The rôle of color-octet states [56] [57] [58] , which becomes relevant at high p T , seems to be much less important in the kinematic region under study. In our view, this justifies, at the present level of accuracy, the use of the CSM in our analysis of the PHENIX SSA data for p ↑ p → J/ψ X presented in the next section.
B. Single-spin asymmetries in the GPM and CGI-GPM frameworks
The SSA for the process p ↑ p → h X is defined by
where dσ ↑(↓) is the cross section for one of the initial nucleons polarized along the transverse direction ↑ (↓) with respect to the production plane. If we denote byf a/p ↑ (x a , k ⊥a ) the number density in momentum space of a parton a inside a transversely polarized proton with mass M p , the numerator of the asymmetry will be sensitive to the difference [59] 
where
is the Sivers distribution function for parton a and φ a is the azimuthal angle of its intrinsic transverse momentum k ⊥a . The Sivers function satisfies the positivity bound
LO diagrams for the process p ↑ p → J/ψ X in the GPM formalism (a) and in the CGI-GPM (b), in which the additional effect of initial-state interactions is included. Final-state interactions (c) do not contribute when the J/ψ is produced as a color singlet. The scattering amplitudes for the underlying partonic reaction, gg → J/ψ g, are represented by the central blobs, while the upper and lower ones describe the soft proton → gluon transitions.
A more stringent constraint on the Sivers functions is given by the Burkardt sum rule (BSR) [60] , which states that the total transverse momentum of all unpolarized partons inside a transversely polarized proton vanishes. Since available fits to the Sivers asymmetry for SIDIS data [61, 62] almost fulfill, within uncertainties, the BSR, little room seems to be left for a gluon contribution. This is consistent with arguments valid in the large-N c limit of QCD [63] , according to which the gluon Sivers function should be suppressed by a factor 1/N c as compared to the valence quark Sivers distributions at not-too-small values of x, namely x ∼ 1/N c .
Along the lines of Ref. [20] , one finds that the numerator of the SSA for J/ψ production in the GPM framework is given by
where f g/p and f
⊥ g
1T are considered to be universal. The hard partonic function H U gg→J/ψg is given explicitly in Eq. (4), while the denominator of the asymmetry is twice Eq. (5).
We now take into account the effects on the numerator of the asymmetry coming from initial-and final-state interactions between the struck parton (gluon) and the spectators from the polarized proton. Such interactions are encoded in the gauge links or Wilson lines that are needed in the definition of the Sivers function in terms of QCD operators to preserve gauge invariance, rendering it process dependent. In the framework of the CGI-GPM, ISIs and FSIs are approximated by a single, eikonal gluon, that corresponds to the leading-order contribution of the Wilson line in an expansion in the coupling constant g s . It is therefore the imaginary part of the eikonal propagator that provides the phase needed to generate the Sivers asymmetry. Moreover, in the CGI-GPM, it is possible to express the process-dependent gluon Sivers function in Eq. (10) as a linear combination of two independent and universal gluon distributions, denoted by f
and f
, with coefficients that are calculable for each partonic process. The two distinct gluon Sivers distributions correspond to the two possible ways in which three gluon fields, with color indices a, b, c, can be neutralized, i.e. by contracting with either the antisymmetric (T 
at least at tree level are related to the two distinct trigluon Qiu-Sterman functions T
, which have opposite behavior under charge conjugation. Hence f
have different properties as well: for instance the former is Ceven and expected to vanish in the small-x region, whereas the latter is C-odd and not necessarily suppressed when x is small [64] . Furthermore, only f
is constrained by the BSR [28] . Formally, the numerator of the asymmetry in the CGI-GPM approach can be obtained from Eq. (10) with the
where we have introduced the modified partonic hard functions
We have denoted with C U the color factor for the unpolarized cross section, which can be calculated from Fig. 2(a) knowing that the color factor for the scattering amplitude for gg → J/ψ g is D a bc /2 √ N c , see Eq. (A9). We find:
where we have substituted N c = 3 in the last equality. In order to compute the new color factors C
for the ISIs and FSIs respectively, in the following we will adopt the methods developed for the twist-three, three-gluon correlation functions [31] [32] [33] .
We consider first the effects of ISIs, described by the insertion of a longitudinally polarized gluon A + with momentum k µ ≈ k + and color index d, as depicted in Fig. 2 (b). The corresponding amplitude squared can be obtained from the Born one in Fig. 2 (a) with the replacement
where, according to the eikonal approximation, in the numerator in the second line we have neglected all k µ components with respect to the components of p 15). By using the relation
where P denotes the principal value, we find that the imaginary part of the quark propagator, 1/(k
In the calculation of the full diagram, such term is multiplied by the Born amplitude, taken with a different color factor T d eb because of the presence of an extra gluon. At this point we define the color projectors
corresponding to the two different ways in which color can be neutralized. For the f -type gluon Sivers function, the relative color factor is therefore calculated from Fig. 2 (b) as follows
where we have used the identity Tr
Likewise, for the d-type color factor, we find
As already pointed out in Ref. [65] , the net contribution of the heavy quark-antiquark pair to the FSI, depicted in Fig. 2(c) , is zero because the pair is produced in a color-singlet state. Hence we have
and therefore
We note that we did not consider the FSIs of the unobserved particle (gluon) because they are known to vanish after summing the different cut diagrams, see for example the discussion in Ref. [25] . We then find that f
does not contribute to the specific partonic reaction under study, gg → J/ψ g, and that the numerator of the SSA can be expressed as a convolution of f
with a modified partonic hard function H
Inc (f )
gg→J/ψg as follows
This process can therefore be very useful to gather separate and direct information on f
.
C. Numerical results
A first extraction of the gluon Sivers distribution [36] , obtained by fitting very precise, RHIC midrapidity data on A N for inclusive neutral pion production [66] within a GPM approach, showed that f ⊥ g 1T is very small with respect to its theoretical positivity bound in Eq. (9) . In that analysis the following functional form for ∆ N f g/p ↑ was adopted:
with |N g | ≤ 1 and
With the above choice the Sivers function automatically fulfills its positivity bound for any (x, k ⊥ ) values. Alternatively, if we define the parameter In Ref. [36] the value of k 2 ⊥ was taken to be k 2 ⊥ = 0.25 GeV 2 , while the parameters N g , α, β, ρ were fitted to the data.
Here, as already stated in the Introduction, we do not use any information from the previous analysis, and start adopting the value k 2 ⊥ = 1 GeV 2 , according to the results shown in Sec. II A. On the other hand, in order to maximize the effect, we saturate the positivity bound for the x-dependent part (i.e. we take N g (x) = ±1) and adopt the value ρ = 2/3 [24] in Eq. (28) . For the unpolarized gluon distribution f g/p (x) we use the CTEQ6-LO parametrization as before, with the factorization scale equal to M T .
Our results for the bands of possible values of A N , between the lower and the upper bounds (N g (x) = ±1), calculated both in the GPM and the CGI-GPM at √ s = 200 GeV, are confronted in Fig. 3 with PHENIX data [67, 68] .
As expected from the theoretical calculation, A N in the CGI-GPM is a factor of 2 smaller (in size) as compared to the GPM prediction. We note that, since A N is the ratio of two cross sections, it is much less sensitive to the choice of the factorization scale than the unpolarized cross section presented in Fig. 1 .
It turns out that the 2006 data at x F = 0 (lower-left panel) are not able to give any constraint or discriminate among the two models. Only the combined 2006-2008 and the preliminary 2012 data at x F = 0.084 (upper-right panel), and partially also at x F = −0.084 (upper-left panel), are precise enough to further constrain the magnitude of the gluon Sivers function within the GPM approach. As an example, assuming the validity of the GPM, in the upper-right panel of Fig. 3 the red solid curve illustrates how a (positive) Sivers distribution reduced by one order of magnitude w.r.t. its positivity bound would be in better agreement with the measurements. The latest preliminary data (RUN 2015) at fixed p T = 1.65 GeV (lower-right panel) are even more important since, thanks to their high accuracy, they could constrain the GSF, not only within the GPM, but also in the CGI-GPM approach. Once again the red solid line represents an estimate within the GPM obtained adopting N g (x) = +0.1.
On the other hand, the overall present precision as well as the amount of the data does not allow us to reject any of the two models. To this end, it would be helpful to determine the sign of f
independently, for example from a study of the process p ↑ p → D X, as described in the next section.
III. SINGLE-SPIN ASYMMETRIES IN
A. GPM and CGI-GPM formalism
We now turn to the study of the process
which has been already analyzed within both the GPM [34, 69] and the twist-three frameworks [33, 70] . As already discussed in Ref. [69] , to which we refer for details, D mesons are produced from the fragmentation of a c orc quark created either through annihilation of a light quark pair,→ cc, or through gluon fusion, gg → cc. The unpolarized cross section can therefore be written as
where z is the light-cone momentum fraction of the parton Q carried by the D meson, m c is the (anti)charm mass,
We choose the reference frame such that the polarized proton moves along the Z axis, with polarization ↑ along the positive Y axis, and XZ is the production plane. This means that k ⊥a and k ⊥b have only X and Y components, while k D has a Z component as well. The function δ(k D ·p Q ) is hence needed to perform the integral only over k ⊥D , i.e. the components of k D which are transverse w.r.t. the direction of the fragmenting quarkp Q . The Jacobian connecting the partonic to the observed hadronic phase space reads
Moreover, the partonic cross sections are written in the form
where we have introduced the following invariants:
In the GPM approach the numerator of the asymmetry for the process under study reads [69] d∆σ given by Eqs. (33) . Notice that, as the gluons cannot carry any transverse spin, the elementary process gg → cc results in unpolarized final quarks. In the→ cc process one of the initial partons (the one inside the transversely polarized proton) can be polarized; however, there is no single-spin transfer in this s-channel interaction so that the final c andc are again not polarized. Moreover, even when they are produced in the process q ↑q↑ → cc, where the initial quarks are transversely polarized because of the Boer-Mulders effect [71] , the s-channel annihilation does not create a polarized final c orc. Consequently, there cannot be any Collins fragmentation contribution to A N . More generally, it has been checked that all contributions to A N , other than the Sivers one, enter with azimuthal phase factors that strongly suppress them after integration over transverse momenta. Hence they can be safely neglected [69] .
In the CGI-GPM framework, the Sivers functions become process dependent because both ISIs and FSIs are taken into account. Starting with thesubprocess, in the calculation of the asymmetry one can still use the (anti)quark Sivers distributions extracted from SIDIS measurements, but they have to be convoluted with the following partonic hard functions
The relative color factors have been derived as described in the previous section and in Ref. [25] , using the color assignments collected in Fig. 4 , by means of the color projectors of Eq. (17) and the additional one
where t c ij are the generators of SU (N c ) in the fundamental representation and
We point out that Eqs. (36) are in agreement with the twist-three expressions in Ref. [70] and, in the massless limit, with the CGI-GPM partonic functions in Ref. [25] . Turning to the gluon induced subprocess gg → cc, the effects of ISIs and FSIs have to be estimated diagram by diagram. The resulting color factors are presented in Table I . As in the previous section, C U denotes the usual unpolarized color factor for the specific diagram D, while C
are the color factors obtained when an extra gluon is attached in D to parton b (the gluon from the unpolarized proton), parton c (the charm quark fragmenting into the observed D meson, in this case) or parton d (the unobserved anticharm quark, here) respectively. Once again, the two labels f and d distinguish between the two possible ways in which color is neutralized, leading to the two independent gluon Sivers functions. Furthermore,
. A detailed derivation of these color factors for the first diagram in Table I is provided in Appendix B for illustration. Finally, we point out that our gluonic pole strengths, defined as
are in full agreement with the ones given in Ref. [29] for the study of the gluon Sivers effect in less inclusive processes like p ↑ p → π π X, for which the FSIs of parton d need to be taken into account as well. Notice that the results in Ref. [29] have been derived adopting a different method, i.e. by looking at the full gauge link structure and taking the derivative of the gauge link. We have checked that the one-gluon approximation employed here, which consists in considering only the first-order contribution of the gauge link in an expansion in terms of the strong coupling g s , is sufficient to recover the exact gluonic pole strengths in any partonic process calculated at LO in perturbative QCD [29, 37] . By summing all the diagrams, taken with the new color factors and f
contribute to A N for p ↑ p → D X. Explicitly, the numerator of the asymmetry reads
These last two equations are in agreement with the hard partonic cross sections in Ref. [33] , which have been calculated in the twist-three approach. 
B. Numerical results
In addition to gluon TMD-PDFs, which, as already seen, contribute to A N for p ↑ p → J/ψ X, in inclusive D production one needs to consider quark TMD-PDFs and FFs as well. For the k ⊥ dependence of the unpolarized quark distributions we assume the same simple Gaussian parametrization as in Eq. (6), with k 2 ⊥ = 0.25 GeV 2 . For the unpolarized fragmentation functions we adopt a similar model, in which the dependences on z and k ⊥D are factorized,
with D D/Q (z) being the collinear fragmentation function, for which we use the LO parametrization in Ref. [72] , and g(k ⊥D ) is a Gaussian function as in Eq. (6) with k
, normalized in such a way that
We assume to have only one nonzero fragmentation function for D mesons,
and all the other contributions are set to zero. In the calculation of the upper bounds for the SSAs, we adopt for all quark and gluon Sivers functions the functional form in Eq. (28) with N q,g (x) = +1 and ρ = 2/3. Moreover, we take k One of the main results of the above calculation (analogous to what happens in the twist-three formalism) is that in the CGI-GPM approach, A N for D 0 meson is different from A N forD 0 , as shown in Fig. 6 , where the same kinematic regions as in Fig. 5 have been considered. We find that the quark contributions to A N in both models are almost negligible for values of the D meson energy E D ≤ 40 GeV and for x F ≤ 0.6. It is worth pointing out that adopting any of the GPM quark Sivers functions as extracted from data on azimuthal asymmetries in SIDIS processes would give an almost negligible contribution to A N , leaving at work only the gluon Sivers effect. The gluon contribution in the GPM is relatively large in size for x F ≥ 0 and in the whole considered range of E D . For D 0 production, in the CGI-GPM, the f -type gluon Sivers effect is always quite small, while the d-type is similar to the f -type for x F < 0, and to the GPM for x F > 0. This can be understood by looking at Eqs. (41) , where the d and f -type hard functions differ only by one term. Indeed for negative x F , |ũ| < |t| and the two hard functions give almost the same contribution. For positive x F , |ũ| becomes large and relevant and the d-type contribution in Eq. (41) becomes positive. Notice that the small size of all the asymmetries in the negative x F region is due to the integration over the Sivers azimuthal phase. We also point out that the different behavior of the f and d-type hard functions under the c ↔c charge conjugation is not relevant since the FF for ac into a D 0 is taken to be zero. By comparison of the upper and lower panels of Fig. 6 , it is clear that there is no difference between the f -type gluon asymmetries for D 0 andD 0 production, while we find a tiny difference for the quark Sivers asymmetries and a change of sign for the d-type contributions, see Eq. (41). These findings imply that for positive x F , a sizable difference in the asymmetries for D 0 andD 0 would validate the CGI-GPM framework (or, equivalently, disprove the GPM), and, at the same time, would provide an indication of the size of the unknown Sivers functions f
. On the contrary, if f
is very small, the GPM and CGI-GPM would predict the same asymmetry for D 0 andD 0 , making it impossible to distinguish between the two models. Furthermore, if we consider the SSA for the production of both D 0 andD 0 , the following relation holds
which is valid in both models because the unpolarized cross sections for D 0 andD 0 are the same. In the GPM this asymmetry would be the same as for D 0 orD 0 production, while in the CGI-GPM it would receive a (small) contribution only from f
, since the one from f
cancels in the sum. In other words a sizable A N (D 0 +D 0 ) at forward rapidities could be expected only within the GPM approach.
Finally, we note that the simultaneous study of A N for inclusive D andD meson production has been already suggested in order to disentangle the two trigluon correlation functions in the twist-three formalism [33, 70] . Notice that our estimates cannot be compared directly with those presented in Ref. [70] , since here we have only considered a maximized scenario, without any attempt to constrain the gluon Sivers parameterizations. What we can only point out is that, in both the GPM and the CGI-GPM approaches, the asymmetry in the backward region cannot be sizeable, due to the integration over the azimuthal phases. This is in contrast to what happens in the twist-three formalism, where one could get A N values of the order of 30% for x F < 0.
Concerning the comparison with the experimental results, namely the RHIC data [73] [74] [75] from the PHENIX Collaboration, one has to recall that, in order to do it, A N for D mesons has to be converted into A N for µ production, taking into account the D → µ kinematics. This would be a very important analysis with different potential outcomes: i) discriminating among different approaches (TMD vs. twist-three scheme); ii) discriminating among TMD models (GPM vs. CGI-GPM); iii) putting, within a TMD scheme, some constraints on the gluon Sivers functions.
IV. CONCLUSIONS
In this paper we have performed a detailed analysis, within a TMD factorization scheme, of SSAs for inclusive hadronic processes characterized by one large energy scale and dominated by gluon-gluon fusion contributions, with two important aims: from one side we have addressed the role of the TMD gluon Sivers function, still largely unknown and from the other one we have studied its process dependence, intimately connected to the universality issue. To this end, we have considered two inclusive processes, namely J/ψ and D meson production in pp collisions, for which gluon initiated subprocesses are expected to be dominating, extending to the gluon sector the inclusion of initialand final-state color interactions, responsible for the process dependence of the TMDs. We have then presented theoretical estimates obtained by adopting both a generalized parton model approach with inclusion of spin and transverse momentum effects and its color-gauge invariant extension, still based on a partonic interpretation, which includes also ISI and FSI effects via a one-gluon exchange approximation.
Concerning charmonium production, adopting the color-singlet model we have shown that with the inclusion of TMD effects, and taking into account the uncertainty coming from the choice of the factorization scale, the theoretical estimates are able to reproduce the central rapidity RHIC data reasonably well, at least for p T values lower than 2 GeV. On the other hand the available SSA data are still not precise enough to discriminate among the two models or to give any robust constraint on the GSF.
Moving to D meson production, in the CGI-GPM approach we have shown the emergence of two independent gluon Sivers functions, according to how the color is neutralized. As a clear signature these two GSFs enter differently in D 0 andD 0 mesons, providing a tool to disentangle them and at the same time to check the validity of the GPM approach (where we have only one GSF) or its CGI version.
To this end, present available SSA data (requiring a suitable conversion of A N for D meson to µ meson production) and future experimental results could be extremely important to check the validity of the approaches, put some constraints on the gluon Sivers function and test its universality properties.
It is worth mentioning that J/ψ and D meson production could also be studied in πp ↑ collisions at COMPASS. While this would be less sensitive (as compared to RHIC) to gluons, it could nevertheless provide useful insights into the J/ψ-production mechanism through quarks and antiquarks in the TMD approach.
The richness of present and forthcoming experimental activities together with their complementary and educated phenomenological analyses are opening a new era in learning about the inner mechanisms behind transverse SSAs, and as a by-product, about some challenging features of QCD. Within a TMD scheme, these studies also provide a powerful tool to get information on gluon TMDs, and in particular on the role of color exchange and its impact on the process dependence of the gluon Sivers function.
where the sum is taken over the colors of the outgoing quark and antiquark and t a are the SU (3) generators in the fundamental representation, normalized according to Tr(t a t b ) = δ ab /2. The SU (3) Clebsch-Gordan coefficients,
with N c being the number of colors, project out the color-singlet configuration. By substituting Eq. (A5) in Eq. (A4), we obtain
The other color factors C 4,5,6 can be obtained from C 1,2,3 , respectively, by exchanging a ↔ b. Therefore we find the remaining ones being straightforward. We begin with the color factor for the unpolarized amplitude squared in Fig. 8(a) , which is given by
The diagram in Fig. 8(b) accounts for the ISI, described by an additional eikonal gluon attached to the initial-state gluon that comes from the unpolarized proton. From the CGI-GPM rules in Fig. 4 , C Fc related to the FSI of the outgoing charm quark, are obtained by adding an eikonal gluon to the lower quark line as depicted in Fig. 8(c) , from which we find
and
Finally, one computes the color factors C 
where the minus sign in the first line stems from the antiquark propagator, see the color rule in Fig. 4(c) . Likewise,
